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Abstract
It is shown how readily a sum containing factorials, which was considered recently by Samoletov
(J. Comput. Appl. Math. 131 (2001) 503–504), would follow from substantially more general known re-
sults. c© 2002 Elsevier Science B.V. All rights reserved.
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Recently, in his investigation of a model of biological junction with quantum-like characteris-
tics based upon the Toeplitz operators, Samoletov [3] was led to prove (by using the principle of
mathematical induction) the following sum containing factorials:
n∑
k=0
(−1)k
(n− k)!
(2k + 1)!!
k!(k + 1)!
=
(−1)n√
n!(n+ 1)!
[√
n+ 1
(n− 1)!!
n!!
](−1)n
(n∈N0 := {0; 1; 2; : : :});
(1)
where, as usual,
(2n+ 1)!! := 1 · 3 · 5 · · · (2n+ 1) (n∈N0);
(2n)!! := 2 · 4 · 6 · · · (2n) (n∈N0)
and
0!! = (−1)!! := 1:
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Indeed, in terms of the familiar Gamma functions and the Gauss hypergeometric function:
2F1(a; b; c; z) := 1 +
a · b
c
z
1!
+
a(a+ 1) · b(b+ 1)
c(c + 1)
z2
2!
+ · · · ; (2)
Samoletov [3] also rewrote the sum (1) in its equivalent form as follows:
2F1
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−n; 3
2
; 2; 2
)
=
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
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1
2)
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(n= 0; 2; 4; : : :);
−(
1
2n+ 1)
( 12n+
3
2)
(n= 1; 3; 5; : : :):
(3)
In one of their remarkably useful volumes on Integrals and Series [2], which incidentally was
referred to by Samoletov [2] as well, Prudnikuv et al. [2] recorded the following hypergeometric
summation formula [2, p. 493, Entry 7.3.8.1]:
2F1(−n; a; 2a− 1; 2) = 1√
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a− 1
2
)
·
{
1 + (−1)n
2
( 12n+
1
2)
(a+ 12n− 12)
− 1− (−1)
n
2
( 12n+ 1)
(a+ 12n)
}
; (4)
which obviously missed the attention of Samoletov [3]. Upon setting a= 32 in (4), we immediately
obtain (3) in the form
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2
; 2; 2
)
=
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( 12n+ 1)
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2
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}
: (5)
Next, by reversing the order of terms in the terminating hypergeometric series occurring in (3),
we readily obtain
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(
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2
; 2; 2
)
=− (−2)
n+1
(n+ 1)!
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(
n+
3
2
)
2F1
(
−n;−n− 1;−n− 1
2
;
1
2
)
; (6)
which, in view of the Pfa5–Kummer hypergeometric transformation:
2F1(a; b; c; z) = (1− z)−a 2F1
(
a; c − b; c; z
z − 1
)
(7)
(|arg(1− z)|6 
−  (0¡¡
); c 	=0;−1;−2; : : :);
assumes the equivalent form:
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; 2; 2
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−n; 1
2
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)
: (8)
Such relationships as (6) and (8) exhibit the fact that the summation formula (3) or (5) would
actually follow from a suitable contiguous-function version of Kummer’s summation theorems for
the sums (cf. [1, p. 134]):
2F1(; ; 12 (+  + 1);
1
2) and 2F1(; ; −  + 1;−1); (9)
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respectively. Indeed, also from the aforementioned volume by Prudnikov et al. [2], we may recall
the general summation formulas [2, p. 491, Entry 7.3.7.4]:
2F1
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1
2
(a+ b);
1
2
)
=
√
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2b)
( 12a)(
1
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1
2)
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( 12a+
1
2b)
( 12a+
1
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1
2b)
}
(10)
and [2, p. 489, Entry 7.3.6.1]
2F1(a; b; a− b;−1) = 2−a
√


{
(a− b)
( 12a− b)( 12a+ 12)
+
(a− b)
( 12a− b+ 12)( 12a)
}
; (11)
each of which holds true for a; b∈C whenever both sides exist.
By appealing to the special cases of the known results (10) and (11) when
a= b+ 1 =−n (n∈N0) and a= b− n− 12 =−n (n∈N0); (12)
respectively, the relationships (6) and (8) lead us easily to the summation formula (3) or (5).
Finally, by applying Euler’s transformation:
2F1(a; b; c; z) = (1− z)c−a−b 2F1(c − a; c − b; c; z) (13)
(|arg(1− z)|6 
−  (0¡¡
); c 	=0;−1;−2; : : :);
we Ind from (6) that
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which shows that the summation formula (3) or (5) can also be derived from an appropriate
contiguous-function version of yet another Kummer’s summation theorem for the sum (cf. [1,
p. 134]):
2F1(; 1− ; ; 12):
As a matter of fact, this last relationship (14) yields the summation formula (3) or (5) by means
of the special case of the known result [2, p. 491, Entry 7.3.7.7]:
2F1(a;−a; b; 12) =
√


2b
{
(b)
( 12a+
1
2b)(
1
2b− 12a+ 12)
+
(b)
( 12a+
1
2b+
1
2)(
1
2b− 12a)
}
(15)
when
a= 12 and b=−n− 12 (n∈N0):
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